Implementations of a model of physical sorting
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We define a model of physical devices that have a parallel atomic
operation that transforms an unordered list input such that the
sorted output can be sequentially read off in linear time. We show
that commonly used biology, chemistry, and physics laboratory
techniques are model instances and provide implementations.
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1 INTRODUCTION

In recent years, there has been interest in identifying, analysing, and utilising
computations performed in nature [1, 6, 7, 14, 17, 21, 23], in particular where
they appear to offer interesting resource trade-offs when compared with the
best-known sequential (e.g. Turing machine) equivalents. One such compu-
tation is sorting, for which several natural sorting algorithms have been pro-
posed [2, 9, 19]. Independently, scientists routinely separate millions of par-
ticles based on their physical characteristics. For example, gel electrophore-
sis [20], chromatography [18], and mass spectrometry [12]. The common
idea behind these techniques is that some physical force affects objects by
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an amount that is proportional to some physical property of the objects. In
this paper (the full manuscript was published elsewhere [16]), we present a
Model of Physical Sorting that computes a stable sorting [13] of its input list
of natural numbers, and describe five implementations. Further, we physi-
cally implement four of the instances, define a Restricted Model for unstable
sorting, and illustrate how to introduce stability into an existing unstable sort.

2 MODEL (AND RESTRICTED MODEL) OF PHYSICAL SORTING

The Model computes the stable sorting [13] of its input list of natural numbers
and the Restricted Model computes an unstable sorting. A sort is stable if and
only if sorted elements with the same value retain their original order. Not all
sorting algorithms are stable; any sorting algorithm that does not preserve the
original relative ordering of equal values in the input is not stable. Further,
a sorting algorithm that relies on each element of its inputs being distinct, or
that only outputs list elements rather than indices, is not regarded as stable.
In the definitions below we let N = {1,2,3,...}.

2.1 The Model

Before formally describing the computation of the Model we give an informal
description. The input list is transformed to a 2D matrix that has a number of
rows equal to the input list length and a number of columns linear in the max-
imum allowable input value. The matrix is zero everywhere except where it is
populated by the elements of the input list, whose row position in the matrix
is their index in the input and whose column position is linearly proportional
to their value. The values in the matrix are then read sequentially, column by
column, and the row index of each nonzero value is appended to an output
list. This output list of indices is a stable sorting of the input list.

Definition 1 A Model of Physical Sorting is a tuple S = (m, a,b) € NxNx
N, where m is an upper bound the values to be sorted, and a,b are scaling
constants.

The Model acts on a list L = (I1,13,...,1,) where [; € {1,2,...,m}
and m is some constant independent of n. Given L, and a Model of Physical
Sorting .S, we define the n x (am + b) matrix G (example in Figure 1) with
elements

. {ll ifj=al; +b 0

0 otherwise.



1234567=am+b

1 1
2 3
3 2
4 1
5 1
n==6 3

FIGURE 1
Graphical illustration of the matrix G for example model S = (m,a,b) = (3,2,1)
and for example input list L = (1, 3,2,1,1, 3).

Definition 2 A Physical Sorting computation is a functionc : {1,2,... m}"™
— {1,2,...,n}" that maps a list L of values to a sorted list of indices
c(li,lay .. ln) = (k1 ko, ... ky), where Iy, is the p™ non-zero element

of G and where the elements of G are assumed to be ordered by column then
by row.

A Physical Sorting computation outputs a stable sorting of L: k; is the
index of the first value in the stable sorting of L, ks is the index of the second,
and so on. We assume the computation takes at most (am + b)n + 1 =O(n)
timesteps. Creation of GG takes one parallel timestep and obtaining the indices
of the nonzero values in GG takes one sequential timestep per element of G.

2.2 Restricted Model

It is possible to restrict some physical instances of the Model in Section 3
to become instances of the Restricted Model. This restriction is achieved by
removing the abilities to track indices and deal with repeated elements.

Definition 3 A Restricted Model of Physical Sorting is a tuple S = (m, a,b)
€ N x N x N, where m is an upper bound on the values to be sorted, and a, b
are scaling constants.

The Restricted Model acts on multiset ' = {t1,ta,...,t,} where t; €
{1,2,...,m} C N and m is independent of n. Given such a T" and a Re-
stricted Model of Physical Sorting .S, we define the vector V' of length am+b.
Here V has elements

t; ifj=at;+0b
Vi = . (@)
0 otherwise.



Definition 4 A Restricted Physical Sorting computation is a function c that
maps a multiset T = {t1,ta,...,t,} wheret; € {1,2,...,m} C Nito alist
c(T) = (tkysthys-- -, tr,, ), where ty, is the p™ non-zero element of V and
n<n.

It can be seen that ¢(T') is a list of strictly increasing values, such that ¢, <
tk,,, foralli € {1,2,...,n—1}. The input to a Restricted Model of Physical
Sorting is a multiset, however the output vector does not contain any dupli-
cated elements (and since no index information is available it is not a stable
sort). We assume that a Restricted Physical Sorting computation is computed
in at most (am +b) +1 = O(1) timesteps. The creation of vector V' takes one
timestep, and obtaining the sorted list takes one timestep per element of V.

3 PHYSICAL INSTANCES OF THE MODEL

In this section we give five example instances of the (Restricted) Model that
arise in commonly used scientific laboratory techniques of gel electrophore-
sis, chromatography, the dispersion of light, optical tweezers, and mass spec-
trometry. Some details are omitted and are to be found elsewhere [16].

3.1 Gel Sort

Gel electrophoresis [20] is a tool of molecular biologists and is a standard
technique for separating large molecules (e.g. DNA and RNA) by length. It
utilises the differential movement of molecules of different sizes in a gel of
a given density. Samples of DNA molecules are placed (separated from each
other) into wells along one end of a rectangle of agarose gel. Electrodes apply
a voltage in the orthogonal direction across the gel which provides a force
upon the charged molecules causing them to be pulled towards the opposite
end of the gel. Smaller molecules move through the gel more quickly and
easily than larger molecules. This difference in velocity orders the molecular
samples by number of base pairs. We refer to implementations of the model
in Definition 1 and Definition 3 using gel electrophoresis as Gel Sort and
Restricted Gel Sort, respectively.

Viney and Fenton [22] provide a linear equation that describes the physics
of gel electrophoresis and satisfies Equations (1) and (2). Given a list L to
be sorted, we encode each element as a sample of identical molecules each
with a number of base pairs proportional to the element value. Each sample
is placed (in the same order as in L) in the wells at one end of the gel. A
voltage is applied for a time and the molecules move through the gel at a rate



FIGURE 2

Implementation of Gel Sort (electrophoresis of DNA in a 1% agarose gel) with list
L = (550, 162, 650, 200,550, 350, 323, 550). Lanes 1 to 8 the DNA molecule lengths
are respectively 550, 162, 650, 200,550, 350, 323, and 550 base pairs. Lane A is an
instance of Restricted Gel Sort (a non-stable sort) which contains DNA with the same
numbers of base pairs as those in lanes 1 to 8.

inversely proportional to their length. When the voltage is removed the gel
is a representation of the matrix G (Definition 1). We read the list of sorted
indices first by which traveled the least and then in order of their index. The
resulting list is in decreasing order. Restricted Gel Sort is similar to Gel Sort
except that all the samples of molecules are placed in the same well.

3.2 Optomechanical Sort

The movement of small transparent particles by light alone is an effect most
commonly employed in optical tweezers [5] for biologists to manipulate micro-
scale objects. Several methods of ordering particles using this technology
have been proposed [8, 11]. We, however, propose a novel method that is an
instance of the model of Physical Sorting.

Transparent objects experience a force when a beam of light passes through
them [4]. This force is caused by the beam’s path being refracted by the ob-
ject. A change in light beam direction causes a change in the beam’s momen-
tum, and momentum is only conserved if there is an equal but opposite change
of momentum for the object. This momentum change has a component in the
same direction as the direction of the beam and a component in the direction
of the increasing intensity gradient of the beam. Ashkin [3] provides a linear
equation describing the behaviour of objects smaller than the wavelength of
the light beam that satisfies Equation (1).

We propose the use of optical tweezers technology as an implementation
of the model in Definition 1 to sort objects and we refer to this as Optome-
chanical Sort. In Optomechanical Sort, all of the input objects are arranged
in a straight line in a medium (e.g. water). There is a barrier that prevents the
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FIGURE 3
The initial configuration of Optomechanical Sort. The circles represent the particles
to be sorted.

objects from moving in the direction of the beam. A light source, constant
in time, and with a strictly increasing intensity gradient perpendicular to the
axis of the input objects is applied (see Figure 3). This intensity gradient is
achieved by modulating a uniform light field with an intensity filter variable
in one direction only. The objects with a larger volume move more quickly
in the direction of increasing intensity than those of a smaller volume. This
movement orders the objects by volume.

3.3 Chromatography Sort

Chromatography is a collection of many different procedures in analytical
chemistry [15] which behave similarly (e.g. gas, liquid, ion exchange, and
thin layer chromatography). It is commonly used to separate the components
in a mixture. It separates the input chemicals (analytes) over time in two
phases (mobile and stationary). The mobile phase is a solvent for the ana-
Iytes and filters through the stationary phase. The stationary phase resists the
movement of the analytes to different degrees based on their chemical prop-
erties. This causes the analytes to separate over time. We refer to the use
of chromatography to sort substances by their average velocity through the
stationary phase as Chromatography Sort.

The standard equations of analytical chemistry [18] used to calculate the
distance traveled by an analyte in a particular mobile phase and stationary
phase are linear and satisfy Equation (1). We proceed assuming known rel-
ative velocities for analytes in our apparatus. The apparatus is either wide
enough to accommodate many analytes side by side or is made of several



FIGURE 4

Chromatography of household food dye in water on a thin layer plate. Elements of
the list to be sorted L = (3, 1, 2, 3, 2, 1) were proportionally encoded as analytes with
average speeds proportional to their value: 1 was encoded as blue (0.00001ms 1), 2
as red (0.00002ms 1), 3 as yellow (0.00003ms™1). These are placed in lanes 1 to 6.
Lane A is a non-stable sort of L which contains each of the dyes in lanes 1 to 6.

identical setups which allow side by side comparisons.

Given a list L of numbers to be sorted, we encode each element of L as a
sample of analyte with a relative velocity proportional to the element value.
Each analyte is placed in the chromatography apparatus in the same order as
in L. When the process commences the analytes move along the stationary
medium at a rate proportional to their relative velocity. When the process is
halted the apparatus is a representation of the matrix G (from Equation (1)).
We then read off the list of sorted indices by recording the index of each
element in order of those which traveled the most and then in order of their
index position in L.

Restricted Chromatography Sort is similar to Chromatography Sort except
that all analytes are mixed together and placed in the apparatus as one sample.

3.4 Rainbow Sort

Rainbow Sort was first described by Schultes [19] as an unstable sort but by
a simple generalisation it becomes an instance of the Model. Rainbow Sort
utilises the phenomenon of dispersion, where light beams of longer wave-
lengths are refracted to a lesser degree than beams of a shorter wavelength.
In Rainbow Sort, as described by Schultes [19], each element of a list L is



FIGURE 5

An implementation of Generalised Rainbow Sort. L = (635, 592, 513, 426, 513, 592,
426, 635, 426, 513, 592) were encoded as beams of light of proportional wavelength.
(A) Beams that have been refracted by a distance proportional to their wavelength.
Beams that are lower down have lesser wavelengths than those higher up. (B) The
status of the beams before they were refracted by the prism. There is some blurring in
the image introduced by the lenses. The labels B,G,O,R refer to blue(426), green(513),
orange(592), and red(635), respectively.

encoded as a distinct wavelength proportional to its value. A beam of light
containing only the wavelengths to be sorted is passed through a prism. The
component wavelengths are refracted at different angles and so emerge from
the prism as separate beams, and in an order dictated by their wavelengths. A
light measurement device is positioned to sequentially read the ordered com-
ponent beams. This is an unstable sort as it does not output repeated input
elements or return a list of indices.

Schultes provides a possible technique to sort lists with repeated elements
with Rainbow Sort [19]. We suggest our own method that follows from the
Model of Physical Sorting called Generalised Rainbow Sort. This is similar
to Rainbow Sort except it utilises the full geometry of the prism and is an
instance of the Model. It also returns the indices of the sorted list elements,
thus guaranteeing stability. Each element of the list L is encoded as a beam
of light of a distinct wavelength proportional to its value. Each beam is then
passed through the prism at a different depth in the prism. We then read the
list of sorted indices by recording the index of each refracted beam in the
order of those which where refracted the most, and were there are multiple
beams refracted to the same degree, in order of their index.



3.5 Mass Spectrometry Sort

Mass spectrometry [12] is a technique used for separating ions by their mass-
to-charge ratio and is most commonly used to identify unknown compounds
and to clarify the structure and chemical properties of molecules. Of the sev-
eral types of mass spectrometry we describe here the “time of flight” method.
Gaseous sample particles are ionised by a short pulse of electrons and ac-
celerated to a speed that is inversely proportional to their mass and directly
proportional to their charge by a series of high voltage electric fields towards a
long field free vacuum tube known as the field-free drift region. Here each ion
moves at its entry velocity as they travel along the vacuum tube in a constant
high voltage. At the opposite end of the tube there is a detector to record the
arrival of the ions. Since different ions all travel the same distance but with
characteristic velocities they arrive at the detector at different times. Using
the time of arrival (time of flight) we identify the ions. Gross [12] provides a
linear equation to describe the time of flight of an ion based on its mass-to-
charge ratio which satisfies Equation (1).

We refer to implementations of the model in Definition 3 using mass spec-
trometry for sorting as Mass Spectrometry Sort. Given a list L. of numbers
to be sorted, we encode each element of L as a sample of molecules with a
time of flight proportional to the element value. The samples of molecules
are fired simultaneously by a mass spectrometer. The time of flight of each
element is then recorded as it arrives at the sensor. This is the sorted list.
Since we cannot record or distinguish multiple instances in the input Mass
Spectrometry Sort is an unstable sort.

Our usual technique for introducing stability is to run identical instances
that sort each element in parallel. However due to the high cost of mass
spectrometers we regard this as this as unfeasible.

4 CONCLUSION

In this paper we have proposed a Model of Physical Sorting that computes a
stable sorting of its input list of natural numbers. This model has a constant-
time parallel atomic operation that transforms the input list into a matrix,
where only one dimension of the matrix is dependent on the input list length.
The list of stable sorted indices is then generated in linear time (it would
be possible to parallelise this operation to be more efficient, e.g. logarithmic
time). We have provided five physical instances of the Model that are well-
known laboratory techniques. Nature is providing a simple mechanism to
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A mass spectrum [10] representing the sorting of a multiset 70 =
(19,24,9,13,19,9,14,13). We map the ion CHI to 9, CHO™ to 13, CH30™
to 14, CH;OH™ to 14, (CH3;0H)] to 19 and (CH30H)7 to 24 based on root mean
charge ratio. Since the original order of the elements was lost along with multiplicity
of the elements, the sort here is unstable. Unlabeled peaks are not involved in the sort.

order our data in such a way that it takes only linear time for us to sequen-
tially generate a sorted list. We showed how the relationship between the
Model and a Restricted Model naturally suggests how to introduce stability
into an existing physics-inspired sort, i.e. Rainbow Sort. Several of the im-
plementations have the potential to rapidly sort millions or more items. Other
candidate instances of the model that we have not considered here include
centrifugal separation and fractional distillation [15].
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